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Abstract. We calculate the form factors Fy and F; of B — 7 and V, Ag, A1 and Az of B — p transition
matrix elements by using the factorization formalism of perturbative QCD in the region 0 < ¢* < M3 /2.
In the limit of m./Mp =0, m,/Mp =0, My/Mp =1 and (1 — ) < 1, the results show that Fy and A;
are of monopole type, V', Ap and A2 of dipole type, and F1 of a combination of monopole and dipole types

with dipole type dominating.

1 Introduction

CP-violation is one of the most important and mysteri-
ous phenomena in high energy physics, for which we have
only the K, — 7m decay [1] and the charge asymmetry in
the decay K — 71w [2] for more than 30 years. The
mechanism of CP-violation through the complex phase of
the Cabibbo-Kobayashi-Maskawa (CKM) [3] three family
mixing matrix in the Weinberg-Salam model is presently
the standard model for CP-violation. The B meson sys-
tem offers many possibilities to investigate CP-violation
[4], and the B-factories in KEK and SLAC are under con-
struction for this purpose. In order to probe the CKM
model precisely, it is crucial to obtain the values of the
CKM matrix elements accurately from B meson decays.
For the decays involving b — c¢ transition, we can apply the
heavy quark symmetry and it is possible to determine V,y,
reliably through the heavy quark effective theory (HQET)
[5]. However, for those involving b — wu it is less likely that
the heavy quark symmetry applies, and the determination
of Vi, has heavily relied on the models for the form factors.

The dynamical content of hadron decays is described
by Lorentz invariant form factors of current matrix el-
ements. The theoretical calculation of the form factors
involving b — w transition is a difficult task, since it is
concerned with the nonperturbative realm of QCD and
we cannot apply the heavy quark symmetry. Recently
there have been active investigations of the form factors
of B — m and B — p by using quark model, QCD sum
rule and lattice calculations [6]. CLEO has presented first
experimental results of the branching ratios of B — wlv
and B — plv [7], which are still model dependent.

In this paper we will calculate the form factors of
B — w (Fy, F1) and B — p transitions (V, Ay, Aj,
As) by using the method which Szczepaniak et al. em-
ployed for obtaining the B — m form factors [8]. This
method is based on the meson theory of Brodsky and
Lepage [9]. [8] noticed that in the case of a heavy me-

son decaying into two lighter mesons the large momentum
transfers are involved and the factorization formula of per-
turbative QCD (PQCD) for exclusive reactions becomes
applicable: the amplitude can be written as a convolution
of a hard-scattering quark-gluon amplitude 7}, and meson
distribution amplitudes ¢(x, Q?) which describe the frac-
tional longitudinal momentum distribution amplitude of
the quark and antiquark in each meson.

In the present work we obtain the ¢?> dependences of
the form factors in the region 0 < ¢? < M]23 /2 where the
large momentum transfers are involved for the interac-
tion between the quark and antiquark in the meson. Then
we find the pole types of the form factors in the limit of
mﬂ/MB =0, m,,/MB =0, Mb/MB =1and (1 —$) < 1.
The results show that Fy and A; are of monopole type,
V, Ay and A5 of dipole type, and F; of a combination of
monopole and dipole types with dipole type dominating.
These are different from those of Wirbel et al. [10] which
are assumed to be of monopole type for all form factors.
Determination of the pole types of form factors are phe-
nomenologically important. For example, the spectrum of
dI'(B® — 7~ 1*v)/dg? is very sensitive to the pole type
of F1, and then the extraction of V,; from the branching
ratio B(B? — 7~ 1" v) is very much dependent on whether
F1 is of monopole or of dipole type.

In Sect. 2 we study the form factors of B — 7w, FP™(¢?)

and FB7™(¢2). In Sect. 3, those of B — p, VB#(¢2), AP?(¢?),
ABP(q%) and ABr(¢?), are calculated. We obtain in Sect. 4
the pole types of the form factors in the limit of m, /Mg =
0, m,/Mp =0, My/Mp =1 and (1 —=z) < 1. Sect. 5 con-
stitutes the conclusion.

2 Form factors F?™(q?) and F?"(q?)

From Lorentz invariance one finds the decomposition of
the hadronic matrix element for B — 7 transition in terms
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2 2 B
Mmp — Mz | B/ 2 B
+ q> ¢ Fom(q) (1) Here, b quark in the initial B® and @ quark in the final 7~

where V# = ay"b, ¢" = (pp —po)*, " = (pB + )", and
FP™(¢*) = 7 (4°)

Fy™(¢%) = (@) + M2 fB“( ). (2)
In the rest frame of the decay products, F; and Fy corre-
spond to 1~ and 01 exchanges, respectively. At ¢ = 0 we

have the constraint

FFT(0) = Fy'™(0), (3)

since the hadronic matrix element in (1) is nonsingular at
this kinematic point.

We calculate the B to 7 (heavy to light) transition ma-
trix element by using the PQCD factorization of exclusive
amplitudes at high momentum transfer and neglect all fi-
nal state interactions [8]. To the first order in ag = a5(Q?),
two Feynman diagrams in Fig. 1 give the following ampli-

tude:
871'ab 1=e
IVHB () / do [ dyonta

(7~ (p
Tr {( pr +ma )57 Sy (P8 + 9(2) MB)Y570 }
kQQQ
Tr{( pr + maz)vsy" (fo2 + Mb)W”(/ﬁB + g(x)MB)“/s%}}
(k3 — Mp)Q?
X (y) (4)
where Q" = (1 —z)ply — (1 —y)p¥, k) =
ky =pg — (1 —y)pk, and

+

—(1—z)pls + pk,

@ =3 |-a-a0- (1—5]%) "
(- - (-2 p) EJ ,

k2= M3 [—(1 — ) (1 - ]\q;)

carry momenta xpp and yp,, respectively, as denoted in
Fig.1. In (4) g(x) is a phenomenologically introduced pa-
rameter for B meson wave function, and ¢, (y) and ¢p(x)
are the distribution amplitudes for 7 and B mesons. Our
results of the ¢?> dependences of the form factors will not
depend on explicit forms of these distribution amplitudes.
Only for the numerical estimation of the form factor values
at ¢° = 0 we will use the following distribution amplitudes
given by [8,9,11,12]

3
= \/;fnx(l - ), (6)

1 o(x)
gbB(m) 2\[ fo (x
o) = 20 =2) (7)

whose integrals are related to the meson decay constant
by

! 1

In the right hand sides of (7) and (8) there are extra fac-
tor % compared with [8], since in this paper we adopt the
convention of the meson decay constant given by
(0|A#| M (p)) = ifarp* in which fr = fr+ =131.74 £ 0.15
MeV [13]. In (4) we took the upper limit of the integration
over momentum fraction y of a quark in the light meson
as 1 — ¢, since the integration in the interval 1 —e <y <1
corresponds to the Drell-Yan-West [14] end-point region.
It gives only a small correction to the form factors, and
this region is also expected to be suppressed by a Sudakov
form factor [8]. Our determination of ¢ dependences of
the form factors is not dependent on the exact range of
integration as we will see in (41) and (42) later.
After some calculations we have

(m~(p 8”“5/ da /1 “dyép(x) (9)

IVHB(ps))
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Then from (1) and (1

8 8ray 1—e
FBr () = T2 / daz/ dy é5(a
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0) we have

it
F = 4M3 [(1 - x)—z

1—e¢
87roz§/ da?/ dy é(x

+
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For m, = 0, we have

@ = [~ -0 -9 (1- 15 ) + -],
k¥ = M3 :—(1 — ) (1 - qug;) + (1 —x)2] ,
a-si=si - ) (-2 o

F" = 4M3 {—(1 - x)A‘g} , (14)

FP =42, {(29]\]\2 — 1) +(1-1y) (1 - 1‘2)] ,
and

Fo = AM?2 [(1 x)% (1 ]\qé)] , (15)

- o) -0 (1= 55)]

Then, in the limit of m,/Mp = 0, M,/Mp = 1 and

(1 —2) < 1, from (11) and (12) we have
FE @) = g / o [ dyona) 6.0
<t (16)
where
fl = 2(1 - )1 _ 1\31721213
Fleg-1) - (1-y))———.  (7)
)
fo=12g=1)+ 1=yl —a (18)
M2

The above results show that F?™(¢?) is of monopole type
and FP7™(¢?) of a combination of monopole and dipole
types. The approximations m./Mp = 0, m,/Mp = 0
and M, /Mp = 1 are reasonable ones, since the B meson
mass is much larger than the masses of light mesons or
light quarks. For the B meson, it is expected that the
momentum fraction of the light quark, 1 — z, is small and
roughly given by miigni/Mp. Therefore the distribution
amplitude ¢p(z) of B meson has a sharp peak at 1 —
T ~ Miight/Mp, whose value is roughly ¢ for ¢p(z) given
by (7). Then, when we integrate over z, only the range
1—z < 1 contributes dominantly. For this dominant range
of z, the first terms of @? and k7 in (13) are much larger

than the second terms, (1 — x)2, as far as 1 — is not

q2
Mg
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very small. For this reason, we restrict the range of ¢ as
0 < ¢* < M%/2, and then the approximation (1 —z) < 1
can be applied in the integrand safely.
2
From (13), Q? is roughly given by —1eM%(1 — )
B
Then, for 0 < ¢®> < M%/2, the rough range of Q? values
is between 0.38 and 0.75 GeV?, which is still much larger
than /12QCD7 and hence this is in the perturbative regime.

Numerically, the as(Q?) is around 0.38 within 10% in this
range [15].

3 Form factors V' B2(q?), AT?(q?), AS"(q?)
and ABr(q?)

From Lorentz invariance one finds the decomposition of
the hadronic matrix element for B — p transition in terms
of hadronic form factors [10]:

{p™(pp,e)|(V — A)*|B°(pp))
2V (¢?)

(19)

. xa B N 9
= Sy s P}~ (M ) A1 )
(e ps) I 2 (e* pB)
A A _9 \& PB) ‘uA
+MB+mp(pB+pp) 2(¢°) Mp e (g )

The form factor A(g?) can be written as

A(q®) = Ao(¢®) — As(¢*), where
Aofat) = T () - SET A (20

and at ¢> = 0 we have the constraint
40(0) = 45(0) (21)

We calculate the B to p (heavy to light) transition ma-
trix element by using the PQCD factorization of exclusive
amplitudes at high momentum transfer and neglect all fi-
nal state interactions [8]. To the first order in ag = a5(Q?),
two Feynman diagrams in Fig. 1 give the following ampli-

tude:

1 1—e
- #Bo = T T
(™ (b IVH|B ) | e [ avonto)

Te{(p, +m,) £v" Fay" (B + g(x)Mp)vs57. }
k2Q2
TT{(/f)p +my) (2 + M)V (pB + g(x)MB)%%}}
(k3 — M2)Q?

8may

Xbp(y) » (22)
where V# = ay"b, Q" = (1 — z)ply — (1 — y)ph, k' =
—(1 —a)plg + v, kY = plp — (1 —y)py, and Q% ki and
k3 — M? are given by (5) with m, replaced by m,.

In (22) ¢,(y) is the distribution amplitude for p meson.
Our results of the g2 dependences of the form factors will
not depend on explicit forms of this distribution ampli-
tudes. When we do the numerical estimation of the form
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factor values at ¢ = 0, we will use the following distribu-
tion amplitude given by [8,9,11,12]

oo it

where (0[V#|p(e)) = fym,e* in which f, = f,+ =216+5
MeV [13]. In reality, the longitudinally and transversely
polarized p mesons do not have the same distribution am-
plitude [16]. We do not take this difference into account
in this work for simplicity, and the pole types of the form
factors are not affected by this difference.

After some calculations we have

(P~ (p:)IV*|B°(pB))

871'@5 1 1—e
= /dx/ dy ()
0 0
[/ (/b

(23)

24
. [k%@z ; (k%—sz)QQ} Gy, (24)
where
ya =8Mp Blgyaﬁ'yE popa
_ M, m
Vb =8M ( (2 —)—1— p)
B g MB ( y) MB
xisuams*o‘p]@pz , (25)
ve Ve
CIZANCE TR
= 8Mpic,a s*o‘ﬁ"y{ Do 26
B Iz ﬁ'y pop k%QQ M ( )
1 M, m
N ) —(1- £
RS ( (9 MB> ( )MBH

To the first order in oy = o (Q?) we have

_ 87ras 1=
(0 (ppr €)| A" B (pp)) / da / dy é5(x

" [Tr{(/ﬁﬁmp)ﬁv lm“%(ﬁB + g(x )MB)%%Lr
k3 Q?

Te{(#p +mp) £7" 75 (k2 + My)v” (B + 9(x) MB)y570}
(k3 — M;)Q*
X(bp(y) ) (27)
where A* = wy*~ysb. After some calculations we have
(P~ (pp. )|A¥|B®(pp))
8ras [1 1=e
= [ae [ dyont)
i i
<+ w0 @

where

2 2
A = e MZam, | - (1 - ) 20— x) — L
MB MB
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+(e* - pp)rtdm,(1 — 2(1 — x))

+(e" - pp)gtdm,(—1 —2(1 - 2)) , (29)
T (R

+((20-22) ~a90-0) MB ( —y)jg]

+(" - pB)g"4Mp(-1)

(o) o)

[kAQ C —6\25)@2]

-t {= e (- (1-37)
+2(1—x>—]\é> +<k§—11\43)622’
() (-)
Ao )35 ()
gy ot - -y ||+
< gz -2 - )+ i
x [k%tm”};(—l -3(1- ) + (D
(o) o

For m, = 0, Q?, k} and k3 — M? are given by (13),

and we have
Va 7 %
et ) e
= SMBifuaﬂvgmpﬁsz(kg—]l\W ( I
and
A A A
ot ) e

= 4M3},

1
- D) @ (29 B

M

Mgy

)

2 * *
. q (e* -pp)rt (e*-pB) ¢*
T (5 QS VIR A PR | SIS -2 S O
4= ( R

4 Relations among form factors in the limit
of mﬂ-/MB =0, mp/MB =0, Mb/MB =1
and (1 —2) K 1

In this section we study the form factors F{#™(¢?) and
FE™(¢%) of B — m, and VBr(¢?), AB?(¢%), AP?(¢?) and
AP?(¢?) of B — p, in the limit of m, /Mp = 0, m,/Mp =
0, My/Mp = 1 and (1 — 2) < 1. The approximations
mx/Mp =0, m,/Mp = 0and M,/Mp = 1 are reasonable
ones, since the B meson mass is much larger than the
masses of light mesons or light quarks. (1 —z) < 1 is also
a good approximation in the region 0 < ¢ < M3/2 as
can be seen from (5), since (1 — ) is roughly given by the
ratio of light and b quark masses or roughly by the value
of the parameter € in the B meson distribution amplitude
(7).
From (16)—(19) and (32)—(33), we can organize the
form factors as follows:

Fi(q®) = 33%\7;%/0 dx/o _EdyqﬁB(x) i(y)
1
Xmﬂ 9 (33)

where F;=Fy,F1,V,Ap,A1,A2, and ¢;(y) = ¢ (y) for Fy
and Fi, and ¢;(y) = ¢,(y) for V, Ag, A; and A,. In (33)
fi are given by

fo=1g-1+( -yl (34)
fi=20-y)ltlg-1) -0yl 69
v=(-1)2g-1) (36)
a1 = (29 — 1)% , (37)
a =291, (38)
S T e R (39)

where z = 1 — 1\31722" By taking the terms up to the first
B

order in m,/Mp for ai, as and a in (29) and (30), we

obtain from the relations (20):

1
ao = (=D[2g-1)+ A -y)]5. (40)
The ¢? dependences of the form factors are given by
(33)—(40). We obtain them in the region 0 < ¢*> < M3/2,
and present the results in Fig. 2. The formulas in (33)—(40)
can be organized as

1 1 1
Fo(¢®) = (ar +bx)~ Fi(g%) = 262~ + (an —bx) 5 ,
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Fig. 2. The ¢> dependences of the form fac-
tors. Fy(q®) and Ai1(q?) have the simple pole de-
pendence, and Az2(q?), V(¢?) and Ao(¢®) have
the dipole dependence. F(¢?) has the mixture of
the simple pole and dipole dependences, but the
dipole dependence is dominant

0.2 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5
qZ/MBZ
1 1 2 _ _ ; ions:
Ar(g?) = a,- As(?) = —V(¢?) = Gy At ¢* =0, (43)—(45) lead to the following relations:
1 O + by
—Ao(¢®) = (ap +by)= 41 F1(0) = Fy(0 " A(0
o(q”) (p p)zg (41) 1(0) 0(0) = ap+b (0),
where A1(0) = A2(0) = —V(0) . (46)
1—e€
a; = 327TO;S / / dy pp(x) ¢i(y) Ball and Braun also obtained the second relation in (46) to
3Mpy their accuracy in their QCD sum rule calculation [17]. We
2g -1 49 calculate F(0) and A;(0) from (41) and (42). In this cal-
x (1—2) (42) " ulation we took g=1,a;=0.38[8], and fgp = 0.2 GeV.
39 1—e Fy(0) and A;(0) depend on the value of €. The commonly
b; = 7ro245 / dx / dy ¢p(x) ¢s(y) ——————  used value F1(0) = 0.33 obtained by Wirbel et al. [10] in
3Mp (1- )(1 - ) quark model corresponds to € = 0.022, when we use the

with ¢ = 7 or p.

We emphasize that the ¢?> dependences of the form
factors given in (41) are independent of the shapes of the
distribution amplitudes ¢p(x), ¢ (), ¢,(y) and the value
of the parameter ¢, as previously mentioned. Their depen-
dences appear only in the values of the constants a; and b;
in (42), which affect the normalizations of the form factors.
From (41) we find that Fy(¢®) and A;(¢?) have the simple
pole ¢ dependence, and Az(q?), V(¢?) and Ag(g?) have
the dipole ¢ dependence. F(g?) has the mixture of the
simple pole and dipole ¢? dependences, but the dipole g2
dependence is dominant. Our main results of this paper is
the determination of these pole types of the form factors,
and these results are independent of the normalizations of
the form factors.

From (41) we find the relations among the form factors:

P () = Fy (¢?) ( - 1) +227 4 (4?) (—1 + i) (43)

By () 5 = 25 A (¢) (4
Ar (@) = Aa(®) = V(). (45)

¢x(x) and ¢p(z) given in (6) and (7). Then, when we use
¢x(x) and ¢,(x) given in (6) and (23) with e = 0.022, we
obtain ar = (fx/f,)a, = 0.28 and b, = (f=/f,)b, = 0.05.
These results give A;(0) = 0.47 from (41), and the values
of other form factors at ¢> = 0 can be obtained from the
relations in (46).

5 Conclusion

We calculated the form factors of B — 7 and B — p heavy
to light transition matrix elements by using the factoriza-
tion formalism of perturbative QCD. We obtained the ¢
dependences of the form factors in the region 0 < ¢? <
M% /2, since we can consider that in this region the large
momentum transfers are involved for the interaction be-
tween the quark and antiquark in the meson. We found the
pole types of the form factors in the limit of m,/Mp = 0,
m,/Mp =0, My/Mp =1 and (1 — z) < 1. These condi-
tions are reasonable ones since the B meson mass is much
larger than the masses of light mesons or light quarks, and
(1 — ) is roughly given by the ratio of light and b quark
masses.
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For the heavy to heavy transitions like B — D),
HQET can be applied and all the relevant form factors
are expressed by the one Isgur-Wise function [5]. How-
ever, for heavy to light transitions like B — 7w and B — p,
we cannot apply HQET, and it is very important to un-
derstand the form factors of heavy to light transitions bet-
ter. Improvements in this area of study are not only in-
valuable for the analyses of experimental data, for exam-
ple, in the extraction of the CKM matrix elements from
the experimental results of the B meson decay branch-
ing ratios, but also for the better understanding of the
structures of mesons. Stech studied the form factors of
heavy to light transitions in the latter context [18]. In
the factorization formalism of perturbative QCD we ob-
tained the relations among the ¢ dependent form factors
n (43)—(45), and the relations (46) at ¢g* = 0. The second
relaton A;(0) = A2(0) = —V(0) in (46) was also obtained
by Ball and Braun in their QCD sum rule calculation

[17]. In the first relation F;(0) = Fy(0) = ‘;wigwA (0)

n (46), the first equality is a well-known relation as ex-
plained in (3), however, the second equality is not a usual
one. When we use ¢,(z) and ¢,(z) given in (6) and (23),

the second equality becomes Fj(0) = —;—”AO(O), which
can be checked by measuring the differential branching
ratios dB(B® — 7~ 1*v)/dg* and dB(B® — p~1Tv)/dg*
at ¢> = 0, which are given by
dB(B° — 7~ 1tv)
dg?
_ G%Mg|vub|2
19273 0p
dB(B° — p~itv)
dq?
_ % Mg|Vub|2
- 192730

|q2=0

m2 3
1——2) |F(0)?
(1-3%) InoP.

|q2:0

m2 ’
(1—W> [4o(0)/?

) we have

(47)

From (47) and (48

dB(B® — 71+ 1) Jde?| 2o
dB(B° — p~ l+u)/dq2|qz -0

( - ik
CLEO reported [7] B(B® — 7= 1*v) = (1.8 £ 0.4 £ 0.3 +
0.2) x 10~* and B(B® — p~Itv) = (2.5+£0.4 705 40.5) x
10~%. Then we expect that the ratio in the left hand side
of (49) will be measured in near future, which will provide
the ratio |F1(0)]/|Ao(0)].

We obtained the pole types of the form factors given
by (41) and (42). We note that they are independent of the
shapes of the distribution amplitudes ¢g(x), ¢ (y), ¢p(y)
and the value of the parameter e. Their dependences ap-
pear only in the numerical values of the constants a; and

b; in (42), which affect the normalizations of the form fac-
tors. The formulas in (41) show that Fy(q?) and A;(q¢?)

) |F1(0)]
3[4, (0)]

mgm 5\:‘:\31\:

IF(0)2
=M oR

(49)
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have the simple pole ¢> dependence, and As(q?), V(¢?)
and Ap(q?) have the dipole ¢? dependence. F(q?) has the
mixture of the simple pole and dipole g2 dependences, but
the dipole ¢?> dependence is dominant. These results have
been possible since in the case of the B meson decaying
into  or p meson with ¢2 in the range of 0 < ¢? < M%/2,
large momentum transfers are involved, and the factoriza-
tion formula of perturbative QCD for exclusive reactions
becomes applicable. Therefore, the heavy to light decays
possess their own characteristic and interesting properties
whose deeper understandings are desirable.
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